Abstract. We obtain explicit smooth Green's functions for annular domain and infinite strip by using kelvin R-transform in the Heisenberg group Hn.
Introduction
A Green's fuction is an integral Kernel that can be used to solve inhomogeneous differential equations with boundary conditions. It has interesting physical significances when the involved differential operator is a Laplacian. For example, for the heat conduction equation, the Green's function is proportional to the temperature caused by a concentrated energy source. The rich geometric structure of Heisenberg group allows us to construct explicit examples of domains that are relevant in Potential theory. On the Heisenberg group we have an analogue of the Laplacian which was first studied by Folland and Stein [5] . The study of Green's function on the Heisenberg group became interesting after Folland [4] found a smooth fundamental solution for this operator. Korányi first gave a Green's function for circular data for a certain gauge ball [8] using the Kelvin transform on H n [7, 6] . Annular domain in the Heisenberg group was studied in [10] . Green's functions for polyharmonic functions for the domains such as disc, half-space and ring in the complex plane have been studied in [1, 2] . In [3, p. 386 ], Courant and Hilbert gave the Green's function for annular domain in the classical case by infinitely many reflection of pole with respect to boundary of ball. In this article, we have generalized the method of Courant and Hilbert to the case of annular domain in the Heisenberg group. The role of repeated reflections here is being played by repeated Kelvin transforms. The same idea easily worked for the case of an infinite strip in the Heisenberg group.
The Heisenberg group H n is the set of points [z, t] ∈ C n × R with the multiplication given by
The basis of the Lie algebra of H n is {Z j ,Z j , T : 1 ≤ j ≤ n} where
The sublaplacian on H n is given by
We shall consider a slightly modified subelliptic operator L 0 = − 1 4 ∆ 0 . The natural gauge on H n is given by
The fundamental solution for L o on H n with pole at identity is given in [4] as
, where
π n+1 , and ξ = [z, t]. The fundamental solution with pole at η is given by
where C(η, ξ) = |z| 2 + |ς| 2 + i(t − τ ) and P (η, ξ) = 2z.ς. For an integrable function f on H n , we denote the average of f bȳ
As in [9] ,
where F is the Gaussian hypergeometric function.
GREEN'S FUNCTION FOR ANNULAR DOMAIN
In this section, D will denote the annulus {ξ ∈ H n : 0 < R < N (ξ) < 1}. The Kelvin transform on the Heisenberg group has been defined and studied in [7] . For any f on H n the Kelvin transform of f is defined by
where h is the inversion,
for [z, t] ∈ H n \ {e}. This transform sends a harmonic function on H n \ {e} to a harmonic function. It was shown in [8] that for a circular function f on H n \ {e}, we have
for all ξ ∈ H n \ {e} with N (ξ)=1. From [8, (3. 3)] we have, for η = e ∈ H n
where we wrote η * for h(η). The Kelvin R-transform on the Heisenberg group was defined and studied in [10] . For f defined on H n \ {e}, the Kelvin R-transform is defined as
where h R is the inversion with respect to the Korányi ball of radius R, i.e,
This transform sends a harmonic function on H n \ {e} to a harmonic function. It was shown in [10] that for a circular function f on H n \ {e}, and R > 0, we have
where η + = h R (η). A Green function for annular domain was given in [10] , however the function was not continuous. The Green function constructed below is smooth. The construction below is dependent on infinite reflections across D using Kelvin R-transform. Consequently a solution to the Dirichlet boundary value problem on D has been provided. We define functions
is absolutely and uniformly convergent. We first show that
where
We prove (4) by induction on k.
Assume (4) for k = l, we show that the validity of (4) for k = l + 1.
From (1) and (2), we have
Therefore, by Induction (4) follows. Similarly, we have
Now, we will prove that the Gaussian Hypergeometric functions involved in expression of infinite series (3) are uniformly bounded. Consider
We can choose k large enough such that R 2(2k−2) < 1 8 so that argument
is bounded away from 1. Thus F n 2 , n 2 ; n;
is uniformly bounded for η = ξ, say
Similarly we have constants E 2 , E 3 , E 4 such that
We assert that both series in (3) are uniformly and absolutely convergent on compact neighbourhoods of ξ. We have
Since R < 1, the series ∞ k=1 R 2kn is convergent and so
] is absolutely and uniformly convergent on compact neighbourhoods of ξ (for η = ξ). We have,
] is absolutely and uniformly convergent on compact neighbourhoods of ξ (for η = ξ). Therefore, for each η,
is a well defined function for ξ = η. Next, we show that G(η, ξ) works as a Green's function when applied to circular functions.
Theorem 2.1. The function G(η, ξ) is a smooth function on D = {ξ ∈ H n : 0 < R < N (ξ) < 1} and satisfies the following.
(ii) Limits of the function G(η, ξ) vanishes at the boundaries of annular domain i.e, at N (ξ) = 1 and N (ξ) = R.
are all harmonic functions on D (this follows from definition of these functions and properties of the Kelvin transforms K and K R ). Since the series are absolutely and uniformly convergent on compact sets so Laplacian can be applied to series term by term
Thus,
It can be easily seen that as
And,
Similarly, by using properties of K R on each and every term, all terms of this series are equal to zero. Hence, the function G(η, ξ) given in (5) is a smooth function and is a Green's function for D when applied to circular functions.
The Poisson kernel is the normal derivative of Green's function and, from [8] , is given by
where ∂ ∂n0 = 1 |z| (ĀE + AĒ) at(∂D) 1 i.e, at the boundary of {ξ ∈ H n : N (ξ) = 1} −1 R 2 |z| (ĀE + AĒ) at (∂D) 2 i.e, at the boundary of {ξ ∈ H n : N (ξ) = R}, A = |z| 2 − it and E = z j Z j . An easy calculation using properties of the Hypergeometric function shows that P (η, ξ) at (∂D) 1 is given by
where δ ai denotes Dirac function of {i}. The Poisson kernel P (η, ξ) at (∂D) 2 is given by 
where f and h are circular functions.
GREEN'S FUNCTION FOR INFINITE STRIP
In this section, I will denote the infinite strip {ξ = [z ′ , t ′ ] ∈ H n : 0 < t ′ < 1}. Denote, by H(t) the function of (η, ξ),
where C ±t and P are defined as follows
A differential operator, whenever applied to function H(t) will be with respect to the variable ξ. Consider the following series
For each η, G ′ (η, ξ) is a well defined function. Now, we claim that G ′ (η, ξ) works as a Green function for domain I when applied to circular functions. Proof. First note that for m > 0, H(2m+t), H(2m−t), H(−2m−t) and H(−2m+t) are all harmonic functions on I. Laplacian can be applied to the series so term by term and
It can be easiy seen that as t ′ → 0, H(2m + t) → H(−2m − t) and H(−2m + t) → H(2m − t) as, |C 2m+t | 2 → |C −2m−t | 2 and |C −2m+t | 2 → |C 2m−t | 2 . Therefore, 
.−H(2−t)−H(4−t)).
From the expression of H(t), it can be easily seen that as t ′ → 1, H(t) → H(−t) and for m ≥ 1, H(2m+ t) → H(−2m− t) and for m ≥ 2, H(2m− t) → H(−2m+ t). Therefore, the last term is zero. Hence, G ′ (η, ξ) given by (6) is smooth Green's function for I when applied to circular functions.
The Dirichlet BVP similar to that in Theorem 2.2 on I can be solved by obtaining a Poisson kernel on I.
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